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Abstract We construct an estimator of the unknown drift parameter 0 G 'R in the linear 
model 

Xt ^ et + t£ [0,r], 

where B^^ and B^'^ are two independent fractional Brownian motions with Hurst indices 
and H 2 satisfying the condition 1 < Hi < H 2 < 1. Actually, we reduce the problem to 
the solution of the integral Fredholm equation of the 2nd kind with a specific weakly singular 
kernel depending on two power exponents. It is proved that the kernel can be presented as the 
product of a bounded continuous multiplier and weak singular one, and this representation al¬ 
lows us to prove the compactness of the corresponding integral operator. This, in turn, allows 
us to establish an existence-uniqueness result for the sequence of the equations on the in¬ 
creasing intervals, to construct accordingly a sequence of statistical estimators, and to establish 
asymptotic consistency. 
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1 Introduction 

Consider the continuous-time linear model 

= + t € [0,T], (1) 

where B^^ and B^'^ are two independent fractional Brownian motions with different 
Hurst indices Hi and H 2 defined on some stochastic basis (17,5^, > 0, P). 

We assume that the filtration is generated by these processes and completed by P- 
negligible sets of 

Recall that the fractional Brownian motion (fBm) B^^, t > 0, with Hurst index 
H € (0,1) is a centered Gaussian process with the covariance function 

E [B^{t)B^{s)] = -\t- s|2^). 

From now on we suppose that the Hurst indices in (1) satisfy the inequality 

^<Hi <H2<1, 

and we consider the continuous modifications of both processes, which exist due to 
the Kolmogorov theorem. Assuming that the Hurst indices Hi, H 2 and parameters 
CTi > 0, CT 2 > 0 are known, we aim to estimate the unknown drift parameter 9 by the 
continuous observations of the trajectories of X. Due to the long-range dependence 
property of fBm with H > 1/2, we call our model the model with double long-range 
dependence. 

In the case where Hi = i, the problem of drift parameter estimation in the model 
(1) was solved in [3], and in the case where ^ < Hi < H 2 < 1 and H 2 — Hi > 1/4, 
the estimator was constructed in [6]. The goal of the present paper is to generalize the 
results from [6] to arbitrary \ < Hi < H 2 < 1. The problem, more technical than 
principal, is that in the case where H 2 — Hi > 1/4 and Hi > 1/2, the construction 
of the estimator is reduced to the question if the solution of the Fredholm integral 
equation of the 2nd kind with weakly singular kernel from L 2 [ 0 ,T] exists and is 
unique, but for H 2 — Hi < 1/4, the kernel does not belong to L2[0,T]. Moreover, 
in this case, we can say that in the literature it is impossible to pick up for this kernel 
any suitable standard techniques for working with weak singular kernels, and it does 
not belong to any standard class of weak singular kernels. The matter lies in the fact 
that the kernel contains two power indices. Hi and H 2 , and they create more complex 
singularity than it usually happens. So, it is necessary to make many additional efforts 
in order to prove the compactness of the corresponding integral operator. Immediately 
after establishing the compactness of the corresponding integral operator, the problem 
of statistical estimation follows the same steps as in the paper [6], and we briefly 
present these steps for completeness. 

The paper is organized as follows. In Section 2, we describe the model and explain 
how to reduce the solution of the estimation problem to the existence-uniqueness 
problem for the integral Fredholm equation of the 2nd kind with some nonstandard 
weakly singular kernel. In Section 3, we solve the existence-uniqueness problem. 
Section 4 is devoted to the basic properties of estimator, that is, we establish its form. 
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consistency, and asymptotic normality. Section A contains the properties of hyper¬ 
geometric function used in the proof of the existence-uniqueness result for the main 
Fredhom integral equation. 


2 Preliminaries. How to reduce the original problem to the integral equation 

Since we suppose that the Hurst parameters Hi,H 2 and scale parameters CTi, CT 2 are 
known, for technical simplicity, we consider the case where cti = (T 2 = 1 and, as 
it was mentioned before, ^ < Hi < H 2 < 1. If we wish to include the unknown 
parameter 6 into the fractional Brownian motion with the smallest Hurst parameter 
in order to apply Girsanov’s theorem for construction of the estimator, we consider 
a couple of processes {t), (t), t > 0}, i = 1,2, defined on the space 

(17,5^, {S)t) and let Pg be a probability measure under which B^^ and B^'^ are 
independent, B^"^ is a fractional Brownian motion with Hurst parameter H 2 , and 

BHi 

is a fractional Brownian motion with Hurst parameter Hi and drift 9, that is, 

= 0t + B^^t). 


The probability measure Pq corresponds to the case 9 = 0. Our main problem is 
the construction of maximum likelihood estimator for 0 € K. by the observations of 
the process Z{t) = 9t + B^^{t) -|- B^^{t) = B^^(t) -P B^^{t), t G [0,T]. As 
in [6], we apply to Z the linear transformation in order to reduce the construction to 
the sum with one term being the Wiener process. So, we take the kernel I nit, s) = 
{t — construct the integral 


Yit) = ^ Ih, it, s)dZ{s) = 0B 0 - iTi, I - H^ ^ 

+ [ lHi{t,s)dB^^{s), 

Jo 


( 2 ) 


where B(a, /3) = f ^ (1 “ the beta function, and is a Gaussian 

martingale (Molchan martingale), admitting the representations 


M^{t)= [ lH{t,s)dB^(s)=-fH [ s^/‘^-^dW{s) 

Jo Jo 

with jH = (2iF(| - H)r{3/2 - Hfr{H -P i)T(3 - 2iF)-t)5 and a Wiener 
process W. According to [6], the linear transformation (2) is well defined, and the 
processes Z and Y are observed simultaneously. This means that we can reduce the 
original problem to the equivalent problem of the construction of maximum likeli¬ 
hood estimator of 0 S K basing on the linear transformation Y. For simplicity, denote 
Bhi '■= B(| — Hi, I — Hi). Now the main problem can be formulated as follows. 
Let i < iTi < iF 2 < 1, 


Xi{t) = M^Ht),X 2 it) := f lHAt,s)dB^Hs), t>o\, 
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i = 1, 2, be a couple of processes defined on the space (17, and Pq be a probability 
measure under which Xi and X 2 are independent, is a fractional Brownian 
motion with Hurst parameter H 2 , and Xi is a martingale with square characteristics 

(7fi)(f) = 2 - 2^1 and drift that is, 

li(f) = 

Also, denote Xi{t) = (t). Our main problem is the construction of maxi¬ 

mum likelihood estimator for 0 e M by the observations of the process 

Y{t) = 9 Bh, (f) -f X 2 {t) = Xi (f) + X 2 (f). 


Note that, under the measure Pg, the process 


IhAi - Hi) 


is a Wiener process with drift. Denote 5hi = 


(2-2gi)Bjf^ 
7ffi 


By Girsanov’s theorem and independence of Xi and X 2 , 


= exp<^ 95hiXi{T) - 


9Hl 


4(1-i7i) 


Hi rj^2—2Hi 


As it was mentioned in [3], the derivative of such a form is not the likelihood ratio 
for the problem at hand because it is not measurable with respect to the observed a- 
algebra 

:=a{Y{t),t&[0,T]}=S^ := a{X{t),t & [0,T]}, 
where X{t) = Xi(t) + X 2 {t). 

We shall proceed as in [3]. Let /rg be the probability measure induced by Y on 
the space of continuous functions with the supremum topology under probability Pg. 
Then for any measurable set A, fJ-g{A) = <P{x)fio{dx), where t?(x) is a measur¬ 
able functional such that d>{X) = This means that fig fiQ for any 

0 £ R. Taking into account that Xi = Xi under Pq and the fact that the vector pro¬ 
cess {Xi,X) is Gaussian, we get that the corresponding likelihood function is given 
by 


^{X,9) = = Eo(^exp|05ff,Xi(T) 


9Hl 


Hi 


= exp<^05ff,Eo(Xi(r)|5^) 


9^61 


Hi 


V(T)- 


4(1-i7i) 

rp 2 — 2 Hi 


T 


2-2H1 


2 - 2Hi 



where V{t) = Eo(Xi(f) - Eo(Xi(f)|^f ))2, t € [0,T]. 
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The next reasonings repeat the corresponding part of [6]. We have to solve the 
following problem: to find the projection PxXi{T) of Xi{T) onto 

{X{t) = X^{t) + X2{t), tG[0,T]}. 


According to [4], the transformation formula for converting fBm into a Wiener pro¬ 
cess is of the form 

Jo 

where 

J S j S 

Ph = ( B(if-i/ 2 f- 2 H) ) ^ square-integrable kernel Knit, s) is of the form 

Knit, s) = f\u - s)^-3/2u"-i/2rfu. 

J S 

We have that ITi, i = 1, 2, are standard Wiener processes, which are obviously 
independent. Also, we have 


Then 


Xl{t)=jHr[ s^^^-^^dWi{s), [ KH,it,s)dW 2 {s). (3) 

^0 Jo 

X2{t) = f KHi,H2{'t,s)dW2{s), 

Jo 


where 


J S 

For an interval [0, T], denote by [0, T] the completion of the space of simple func¬ 
tions /: [0, T] R with respect to the scalar product 


{f,9)H-=otH [ f f{t)g{s)\t-s\'^^ '^dsdt, 
Jo Jo 


where an = H{2H — 1). Note that this space contains both functions and distribu¬ 
tions. For functions from [0, T], we have that 


f{s)dX 2 {s) = r {K*H,,H 2 f)is)dW 2 {s), 
Jo 


= / f{t)dtKH^,H2{t,s)dt. 
J S 


where 
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The projection of Xi{T) onto {X{t),t G [0,r]} is a centered X-measurable 
Gaussian random variable and, therefore, is of the form 

PxXi{T)= [ hT{t)dX{t) 

Jo 

with Ht € [0, T], Note that hr still may be a distribution. However, as we will 

further see, it is a continuous function. The projection for all u G [0, T] must satisfy 

E [X{u)PxXi{T)] = E [X{u)Xi{T)]. (5) 


Using (5) together with independency of Xi and X 2 , we arrive at the equation 


Xi{u) f hx{t)dXi{t) + X 2 {u) f hj’{t)dX 2 {t) 
Jo Jo 

= E[X,iu)Xi(T)]=eH^u^-^^\ 


( 6 ) 


where eh = 'jjj /(2 — 2H). Finally, from (3)-(6) we get the prototype of a Fredholm 
integral equation 


= 7 |f / hTis)s^~^^^ds+ hT{s)rHj^H 2 {s,u)ds, u G [0,T], 

Jo Jo 

(7) 

where 

psAu 

Jo 

Differentiating (7), we get the Fredholm integral equation of the 2nd kind, 

+ [ hT{s)k{s,u)ds =u ^ (0,T], (8) 

^0 


where 


psAu 

k{s,u)= / dsKHi,H 2 {s,v)duKHi,H 2 iu,v)dv 
Jo 


(9) 


with the function Khi,h 2 defined by (4). 

We will establish in Remark 2 that for the case Hi = J, Eq. (8) can be reduced 
to the corresponding equation from [3]: 

hT{u) + H2{2H2-l) [ hT{s)\s-u\^^^-^ds = l, uG[0,T], (10) 

Jo 


but the difference between (10) and (8) lies in the fact that (10) can be characterized as 
the equation with standard kernel, whereas (8) with two different power exponents is 
more or less nonstandard, and, therefore, it requires an unconventional approach. On 
the one hand, it is known from the paper [6] that if the conditions H 2 — Hi > j and 
Hi > 1/2 are satisfied, then Eq. (8) has a unique solution hx^ with G 

7^2 [0, Tn] on any sequence of intervals [0, T„] except, possibly, a countable number 
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of Tn connected to eigenvalues of the corresponding integral operator (the meaning 
of this sentence will be specihed later because, hnally, we will get a similar result 
but in more general situation). On the other hand, the existence-uniqueness result for 
Eq. (10) in [3] is proved without any restriction on Hurst index H 2 while Hi = i. 
The difference between these results can be explained so that in [3] the authors state 
the existence and uniqueness of the continuous solution, whereas in [6] the solution 
is established in the framework of L 2 -theory. 

In this paper, we propose to consider Eq. (8) in the space C[{)^T\ again. This 
means that we consider the corresponding integral operator as an operator from 
(^[O, T] into (^[O, T] and establish an existence-uniqueness result in Cp, T], This ap¬ 
proach has the advantage that we do not need anymore the assumption H 2 — Hi> \ 
and can include the case Hi = 1/2 again into the consideration. 

We say that two integral equations are equivalent if they have the same continuous 
solutions. In this sense, Eqs. (7) and (8) are equivalent, and both are equivalent to the 
equation 



( 11 ) 


Th, Jo 

with continuous right-hand side, where 


k{s,u) = u^^^ ^k{s,u), s,uG[0,r]. 


( 12 ) 


We get that the main problem (i.e., the MLE construction for the drift parameter) 
is reduced to the existence-uniqueness result for the integral equation (7). 

3 Compactness of integral operator. Existence-uniqueness result for the Fred¬ 
holm integral equation 

Consider the integral operator K generated by the kernel K bearing in mind that the 
notations of the kernel and of the corresponding operator will always coincide; 



{Kx){u) = / K{s,u)x{s)ds, X € C\/1^T\. 


Now we are in position to establish the properties of the kernel k(s, u) dehned by 
(12) and (9). Introduce the notation [0 ,T]q = [0, T]^ \ {(0,0)}. 

Lemma 1. Up to a set of Lebesgue measure zero, the kernel k{s,u), s,u € [0,T], 
admits the following representation on [0, T] : 



(13) 


where (p{s,u) = (s A uf 2 ffiy 2 rri i|s _ and the function kq is 

bounded and belongs fo C([0, T]q). 
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Proof. We take (9) and first present the derivative of s), defined by (4), 

in an appropriate form. To start, put u = s + (f — s)z. This allows us to rewrite 
as 


s) = _ g^H2-Ht 

j-l 

X 


[ {1-z)^-^^{s + it-s)z)^^ 
Jo 


^dz. 


(14) 


Differentiating (14) w.r.t. t for 0 < s < t < T, we get 

dtKHi,H2it, s) = (^2 - Hi)PH2S^~^^it — 

X / {1 — {s + {t — s)z)^^ ^^z^'^~^dz 

Jo 

+ {H 2 — Hi)(3h2S^~^'^ 

[ {l-z)^-^^{s + {t-s)z) 

Jo 


H2—HI — 1 }J 1 , 

z ^ ^dz 


/o 

= {H2 - Hi)l 3 H 2 S^~^Ht - 




x^y (i-z)2 ^^{s+{t-s)zy 

+ {t — s) j (1 — (s + (t — s)z)^^ ^z^^~id^ 


= {H2 - H^)PH2S---^^{t - 


X s 


H 2 -H 1 / ^H2-'i 

Jo 


(1 ( 1 - 


s — t 


H 2 -HI 


dz 


+ [ (l-z) 

Jo 


h-Hi 




H2-H1-1 


z^^-idzV 


(15) 


Denote for technical simplicity Ui = Hi — i = 1,2. Then, according to the 
definition and properties of the Gauss hypergeometric function (see Eqs. (31) and 
(32)), the terms in the right-hand side of (15) can be rewritten as follows. For the first 
term, thats is, for 


/ <? _ f \ ^2— 

h{t,s) := J -z)"“yi- —zj dz, ( 16 ) 

the values of parameters for the underlying integral equal a = Hi — H 2 , b = 02 , c = 
H 2 — Hi + 1, and x = < 1, respectively; therefore, c — b= 1 — ai, 

and 


h{t,s) = B{l-ai,a2)s^^-^^F(^ 


Hi-H2,a2,l-Hi+H2 


s — t 
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= B(1 — ai,a2)s 


H 2 -H 1 


H 2 -H 1 


F 


(h,- 


H 2 ,1 — ai, 1 — iJi + H2', 


t — s 






-H2,l-ai,l-Hi+H2;' 


t — s 


Similarly, for the second term, that is, for 


hit^s) := {t - s)s 


— 1 I OC2 


1 - 


0 


s — t 


H2-H1-1 


dz, (17) 


the values of parameters for the underlying integral equal a = Hi — H 2 + 1, b = 
a 2 + 1, c = H 2 — Hi + 2, and x = respectively; therefore, 
c — b = 1 — ai, and 

hit, s) = (t- s)s^'^~^^~^Bil - ai,a 2 + 1 ) 


X F I Hi — H 2 + 1,02 + 1, H 2 — Hi + 2; ■ 


s — t 


= it-s) 




H 2 -H 1-1 


X B(1 - Oi, 02 + 1)f(^Hi -H 2 + l,l-ai,2-Hi+ H 2 ; 
= {t — s)t^^~^^~^B{l — oi, 02 + 1) 


X F i7i - 772 + 1,1 - 01, 2 - i7i + 7 / 2 ; ■ 


t — s 


t 


It is easy to see from the initial representations (16) and (17) that Ii{t, s) and hit, s) 
are continuous on the set 0 < s < f < T. 

Now, introduce the notations 


Flit, s) = B(1 - 01 , 02 )^ Hi - 772,1 - 01 ,1 - 77i + H 2 ; 


t — s 


and 


F2it,s) = 


t — s 


1-H2+HI 


B(1 - 01,02 + 1) 


X F i7i - 772 + 1,1 - 01 ,2 - 77i + i?2; 


t — s 


so that 7i(f, s) = t^^ ^^Fiit,s) and hit,s) = (f — ^^F 2 it,s). Note that 


e [0,1); therefore. 


F F 1 -F 2 ,1-01,1-F 1 +F 2 ; 


t — s 


1 


B(l- 01 , 02 ) Jo 




t — s 


H 2 -HI 


dz 


< 


B(l- 


1 

- - z-^^^il-z)°‘^-^dz = 1, 

0 ^ 1 , 02 ) Jo 
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whence the function Wi{t, s) is bounded by B(1 — ai, a 2 ). In order to establish that 
'f '2 {t, s) is bounded, we use Proposition 1 . Its conditions are satisfied: a = Hi — H 2 + 
1 € (0,1), 6 = 1 — ai > 0, c — & = 0:2 + 1 > 1, and x = G [0,1). Therefore, 


a;i-^=+^iF(£ri - TJa + 1,1 - at,2 - Tfi + i/2;x) < 

-1-H1+H2 /I 1 \-1-H1+H2 

xii- , x' 


< 1 - 


1 - iJl + iJ2 

1 — ai 

1 - Hi+H 2 


- 1 -H 1 +H 2 


1 — ai 

I-H 1 +H 2 , 

H 1 -H 2+1 


1 - Hi+ H 

Oi2 


whence 'f' 2 (f, s) < B(1 — ai, 0:2 + 1)( ^ ^^ 2 ^^ )^^ ^ 2+1 Additionally, both func¬ 
tions are homogeneous: 


as) = s) for a > 0, i = 1, 2. 


Introduce the notation 


^{t,s) = Ii{t,s) + l 2 {t,s) = ^^<I'l{t,s) + {t - s)^^ ^^^ 2 {t,s) (18) 

and note that (p G ^([O, T]q) is bounded and homogeneous: 

^at, as) = s), a > 0. (19) 

In terms of notation (18), the representation (15) for H 2 s) can be rewritten 

as 

dtKH^,H2{t,s) = l3H2iH2 - Hi)s^~^^{t - s)^^~^^~^^{t,s). ( 20 ) 

In turn, the kernel k{s, u) from (9) can be rewritten as 

k{s,u) = {Ph 2 {H 2 - Hi)Y 

psAu 

X / v^~'^^^{s — — v)^^~^^~^<P{s,v)<P{u,v)dv. 

Jo 

( 21 ) 

Consider the kernel k{s, u) for s > u. Then it evidently equals 

k{s,u) = {I3 h2{H2 - Hi)Y 

pU 

X / v^-‘^^^{s-v)^^-^^-^{u-v)^^-^^-^‘P{s,v)<P{u,v)dv. 

Jo 

Put 2 = and transform k(s, u) to 

S—U v ' 


k{s,u) = {PH2iH2 - Hi))\s - y)2ff2-2ffi-l /■“-“ ^H2-m-l(^^ ^ 

Jo 

X (u — z{s — u)Y — z{s — u))<P(u,u — z{s — u))dz 

ko{s,u) 

(s _ u)^-2H2+2H, ’ 
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where 


ko{s,u) = {I3 hAH 2 - Hi)f 

Jo 

X (u — z{s — u))^ — z{s — u))<P(u,u — z{s — u))dz. 

In turn, transform ko{s, u) with the change of variables tu = z and apply (19): 

ko{s,u) = + 

^0 

X (u — tu{s — u))^ ^ — tu{s — u))<P(u,u — tu{s — u))udt 

1 

= {Ph 2 {H 2 -[ {l-t{s-u)y ^^^(1 

^0 

X u — tu{s — u))t?(l, 1 — f(s — u))dt. (22) 


Introducing the kernel ko{s, u) = fco(s, u)v?'^^ we can present k{s, u) as 


fc(s u) = 


(23) 


where, for s > u > 0, 


1 

Ko{s,u) = [f3H2{H2 - Hi)f f [l-{s-u)tf {1 + 

Jo 

X u — tu{s — u))^(l, 1 — f(s — u))dt 

poo 

Jo “ “ 

X u — tu{s — m))^( 1, 1 — f(s — u))dt. (24) 


For the case u > s > 0, we can replace s and u in formulas (23) and (24). 
Substituting formally u = s into (24), for s > 0, we get 


poo 

k,q{s,s)= {Ph2{^2 - / {1 

Jo 


poo 

Jo 


(25) 

Note that t?(l, 1) = B(1 — ai, a 2 ) and ff(l + dt = 

B{H 2 — Hi, 1 — 2 H 2 + Hi). The former equation holds due to (34). We get that 
Ko{s, s) does not depend on s and equals some constant Ch '■= [Ph^ {H 2 — Hi)Ji{l — 
ai,a 2 ))'^B{H 2 — Hi, 1 — 2 H 2 + Hi). Therefore, we define ko(s, s) = Ch, s > 0. 

Now the continuity of kq on (0, T]^ follows from the Lebesgue dominated con¬ 
vergence theorem supplied by representation (24), Eq. (25), and its consequence 
Ko(S; s) = Ch, s > 0, together with the facts that <l> G ^([0, T]q) and is bounded. 
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Consider ko{s, u) for it 0 and let s > 0 be fixed. Then 
limKo(s,w) = Cjj := (/3ij2(i?2 - Hi))^${l,0) 

u^O 

Jo 

and we can put ko{s, 0) = Ko(0,it) = Cj^, s > 0,u > 0, thus extending the 
continuity of kq to [0, T]q. 

It is easy to see that the values ko{s, s) and ko(s, 0 ) do not depend on s > 0 and 
do not coincide: Ch ^ Cjj. Consequently, the limit 

lim Knfs.u) 

(s,u)^(0,0) 


does not exist and depends on the way the variables s and u tend to zero. We can 
equate tto(0, 0) to any constant; for example, let ko(0, 0) = 0. 

In order to prove that kq is bounded, we consider the case s > u (the opposite 
case is treated similarly) and put z = {s — u)t. Then 


) 

X <Z>( 1 , u))dt = 


X 1 + 


s — u 


H2-H1-1 


H2-HI-1 


d>[s, u(l - z)))<?(l, 1 - z)dz =: u). 

( 26 ) 


It follows from ( 19 ) that, for s ^ 0 , 


^>(s,u{l-z)) = z)y 

Denote r = —^ and put t = . . Then 

s—u ^ l—{l—r)z 


u 1 — f , , 

= r - 1, f < 1, z = -3 e (0,1), 


1 — f(l — r) 

and the right-hand side of ( 26 ) can be rewritten as 




h{s,u)=r^^-^^ [ (1 - - (1-r)z) 

Jo 

X ^>^ 1 , ^(1 - z)^<l>(l, 1 - z)dz = ^ - t) 

X (1 - (1 - r)ty^^-^<p( 1 , ^ 1, ^ , 


H2-H1-1 


dt. 

(27) 
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Fig. 1. Function ko(s, m) 


Finally, put y = 1 — t. Then the right-hand side of (27) is transformed to 

/ 3 (s, u) = j\l - yY- 2 H.yH.-H,-i (^1 _ yr_^^ 


X <P{ 1 


u r{l-y) 


’ s r — y(r — 1) / \ ’ ~ uir ~ 1) 


1 


r(l - y) 


dy. 


Recall that r = —Then it follows from the boundedness of (p that there exists 

S — U 

a constant C]j such that, for s > u, 


pi / \ 2Hi — l 

Ko{s,u) = {/3HM-Hi)f (1 _ y 




X <P\ 1 


- v) 

s — uy 


^ 1 


5(1 -y) 

s — uy 


dy 


<ch [\l-y) 

Jo 


l-2H2yH2-H^-l^y^ 


(28) 


so kq is bounded, and the lemma is proved. □ 

Remark 1. Figure 1 demonstrates the graph of ko(s, u) for Hi = 0.7 and H 2 = 0.9. 
Now, consider the properties of the function 

u) = (s A 


participating in the kernel representation (13). 

Lemma 2. The function ip has the following properties: 


(i) for any u € [0,T], p{-,u) € Li[0,T] and sup < cxc 

uG[0,T] 
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(ii) for any ui e [0,r], |v3(s, u) — ip{s, wi)|(is 0 as u ^ ui- 


Proof, (i) It follows from the evident calculations that 

pT pT pu 

/ \(p{s,u)\ds= / (p{s,u)ds = 


u 


^ds 


+ 

+ 


ds 


Ju ( s - m ) 1 + 2 ^ 1 - 2^2 

(r-M)2«2-2Hi 


JO _5)l+2ffi-2ff2 

= u2^"-2^iB(2 - 2Hi, 2H2 - 2Hi) 


2 H 2 - 2Hi 


< < 00 for all u e [0, T], 


(ii) First, let mi = 0 and u 4- 0. Note that ip{s, 0) = Therefore, 


|(p(s,u) - 


-|(is = 


, 2 ^ 1-1 


gl+2Hi-2H2' ' g2Hi-l(^ _ gy+2Hi-2H2 gl+2Hi-2H: 


■|c?s 


ds 


JO 

pT 


ds 


-ds < 


u 


^ds 


(s_M)l+2ff 1-2^2 gl+2H,-2H2 -J^ s2H,-l(^^_ gy+2H,-2H2 

' —-— + ((.- 


Jo s 1+2^^ i -2^/2 2 H 2 - 2 H 1 

= B(2 - 2Hi,2H2 - 

+ oo- \o- + (T - _ t‘^H2-2H^\ ^ q, as u 0 . 

2x72 — 2,ll\ 


From now on suppose that ui > 0 is fixed. Without loss of generality, suppose 
that uf ui. Then 


1 U Ul 

j \(p{s,u) — ip{s,ui)\ds = j |(p(s, u) — (^(s, ui)|cis + J |(p(s, u) — (p(s, ui)|(is 

0 0 u 

+ / |(p(s,u) - (^(s,ui)|ds =: /i(u,'Ui) +/2('u,ui) + J3(u,'Ui). 

J U-] 


Consider the terms separately. First, we establish that (p{s, •) is decreasing in the 
second argument. Indeed, for 0 < s < m < mi. 


(p{s,ui) = 


,2ffl-l 


1 


_ gy+2Hi-2H2 g2Hi-iy _^ l+2ffi-2^2 ^2-2^2 

= (p{s,u). 


- g2Hi-l(-l _ £ 


(1 _ ±Y+2Hi-2H2y2-2H2 
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Therefore, 


nu ru pUi 

Ii{u,ui) = / (^(f{s,u) — (f{s,ui))ds= / ip{s^u)ds— / (f{s,ui)ds 

Jo Jo Jo 

Ui 

+ j ip{s,ui)ds < B(2 - 2Hi, 2H2 - 2Hi){u^^^-^^^ - 

u 


2H2 - 2 Hi 

The second integral vanishes as well; 


0, as u t Ml. 


U\ Ui 

/ 2 (m, Mi)< J ip{s,u)ds + J ip{s,Ui)ds 


< 


1 


2 H 2 - 2iJi 


2rri-i 


(ui ^ 0 


as M t wi. Finally, 

h{u,ui) = / 

J U 


ds 


ds 


1 


(S -Ml) 1+2^1(s _ y)l+ 2 ffi- 2 ff. 2H2-2H1 

X ((T - Mi)^^"“^^i -{T- m)2^"-2«i + (mi - m)2^"-2«i) ^ 0 
as M t Ml- 


The lemma is proved. □ 

Lemma 3. The kernel n generates a compact integral operator n : (7)0, T] 

C[0,T]. 

Proof. According to [2], it suffices to prove that the kernel k defined by (13) satisfies 
the following two conditions: 


(iii) forany M G [0,r], k(-,m) € Li[0,T] and sup ||«;(-,m)||lj < 00 ; 

uG[0,T] 


(iv) For any mi G [0, T], fj' |k(s, m) — k(s, Mi)|fis 0 as M —>■ mi. 

The first condition follows directly from fact that ko(s, m) is bounded (see Lemma 1) 
and from Lemma 2 (i). 

In order to check (iv), consider 


/ |k(s, m) — ft;(s, Mi)|(is = / |ko(s, m)(^(s, m) — «:o(s, Mi)(p(s, Mi)|ds 

Jo Jo 

< / ko(s,m)|(p(s, m) - v?(s,mi)Ms + / V 2 (s:Mi)|ko(s,m) - fi;o(s,Mi)Ms- 


Jo Jo 

Again, Lemma 1 in the part that states that kq (s, m) is bounded, together with Lemma 2 
(ii), guarantees that the first term converges to zero as m ^ Mi . Furthermore, Lemma 1 
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in the part that states that kq G (^([OjrjQ) guarantees that ko(s,m) converges to 
Ko(s, ui) as u ui for a.e. s G [0, T\. Since 

V5(s,ui)|/co(s, u) - Ko{s,ui)\ < C(p{s,ui) G Li[0,T], 


the proof follows from the Lebesgue dominated convergence theorem. □ 

Remark 2. In the case where Hi = i, the kernel k{s, u) can be simplified to 


j(s, u) = H 2 { 2 H 2 — 1)|s — ' 


\2H2-2 


and Eq. (8) coincides with (10). Indeed, let Hi = i. Then the function ko(s,u) 
equals H2{2H2 — 1). Consider the function ^(s, v) defined by (18): 


= / ( 1 - 


t-s r 
~r Jo 


t — s 






\ 


H 2 -\ Jo 




t — s 
t 

H2-h 


dz 


(l-z)"^-= dz = 




H2-V 


(29) 


Combining (28) and (29), we get 
Ko(s,u) 


= (to. (ft - H0fj\l - (l, ’-J^) 

Jo 


dt 


1-2H2 4-H2-4, 


= H2--,2-2H2] = H2{2H2 - 1 ). 


Theorem 1. There exists a sequence T„ —>■ c» such that the integral equation (11) 
has a unique solution hT^{u) G Cp, T„]. 

Proof. We work on the space (^([O, T]). Recall that (11) is of the form 
1 

hriu)-\—— / hT{s)K{s,u)ds = 1, uG[0,T]. 

Jo 

The corresponding homogeneous equation is of the form 


hT{s)K{s,u)ds = u G [0,T]. (30) 

Since the integral operator k is compact, classical Fredholm theory states that 
Eq. (11) has a unique solution if and only if the corresponding homogeneous equation 
(30) has only the trivial solution. Now, it is easy to see that, for any a > 0, the 
following equalities hold: 



Ko(sa,ua) = Kois,u), 
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ip{sa,ua) = ^tp{s,u). 

Consequently, K{sa,ua) = We can change the variable of 

integration s = s'T and put u = u'T in (30). Therefore, the equation will be reduced 
to the equivalent form 

f hT{Ts)K{s,u)ds = us[0,l]. 

Jo 

Denote A = . Note that A depends continuously on T. At the same 

time, the compact operator k has no more than countably many eigenvalues. There¬ 
fore, we can take the sequence T„ — )• cjo in such a way that 

\ _ _,2 rp2Hi—2H2 

will be not an eigenvalue. Consequently, the homogeneous equation has only the 
trivial solution, whence the proof follows. □ 


4 Statistical results: The form of a maximum likelihood estimator, its consis¬ 
tency, and asymptotic normaUty 

The following result establishes the way MLE for the drift parameter B can be calcu¬ 
lated. The proof of the theorem is the same as the proof of the corresponding state¬ 
ment from [6], so we omit it. 

Theorem 2. The likelihood function is of the form 

LtJX, 9) = expl^0SH,N{T„) - (W)(r„)|, 

and the maximum likelihood estimator is of the form 

N{Tr,) 


diTn) = 


6HAN)iTn)’ 

where N(t) = EQ{Xi{t)\^^) is a square-integrable Gaussian -martingale, 

N(Tn) = jf hT„(i)dX(t) with € L 2 [ 0 ,T'„], hT,,{f) is a unique so¬ 
lution to (11), and {N)(Tn) = dt. 

The next two results establish basic properties of the estimator; their proofs repeat 
the proofs of the corresponding statements from [6] and [3]. 

Theorem 3. The estimator 9t„ is strongly consistent, and 

lim E0{9t„ - 9f = ^ - , 

ho(u)u2 ^^du 

where the function ho{u) is the solution of the integral equation 

Kh{u) = . 

Theorem 4. The estimator 9t„ E unbiased, and the corresponding estimation error 
is normal 

— 9 ^ N ( 0, - 

V /p " hT„{s)s^~^^^ds 
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A Appendix. Some properties of the hypergeometric function 


Recall the integral representation of the Gauss hypergeometric function and some of 
its properties. 

For c > b > 0 and x < 1, the Gauss hypergeometric function is defined as the 
integral (see [1], formula 15.3.1) 

1 

F{a,b,c\x) = 2 Fi{a,b,c-,x) =- -— / {I - xt)~°’dt. 

B{b,c-b) Jq 

(31) 

For the same values of parameters, the following equality holds (see [1], 15.3.4): 


F(a, b, c; x) = {1 — x) °‘Fi a,c— b, c; 


X — 1 


(32) 


Evidently, F{a, b, c; x) at x = 1 is correctly defined for c — a — b > 1 and in this 
case equals 

F(aAc-,l) = (33) 

i (c — a)l (c — b) 

Finally, it is easy to check with the help of (31) that 


F{a, 6, c; 0) = ^(0, b, c; x) = 1. 


(34) 


The following result gives upper bounds for the hypergeometric function (see [5] 
Theorem 4 and 5, respectively). 

Proposition 1. (i) For c > b > 1, x > 0, and 0 < o < 1, we have the inequality 


F{a, b, c; —x) < 


1 

(1 + x{b- l)/(c- 1))“ 


(ii) For 0<a<l, b > 0, c — b > 1, and x G (0,1), we have the inequality 


F{a, b, c; x) < 


(1 - 
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